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4.1 Introduction to Uniform Circular Motion and Gravitation 
class="introduction" 


This 
Australian 
Grand Prix 
Formula 1 

race Car 
moves ina 
circular 
path as it 
makes the 
turn. Its 
wheels also 
spin rapidly 
—the latter 
completing 
many 
revolutions, 
the former 
only part of 
one (a 
circular 
arc). The 
same 
physical 
principles 
are 
involved in 
each. 
(credit: 
Richard 
Munckton) 


Many motions, such as the arc of a bird’s flight or Earth’s path around the 
Sun, are curved. Recall that Newton’s first law tells us that motion is along 
a straight line at constant speed unless there is a net external force. We will 
therefore study not only motion along curves, but also the forces that cause 
it, including gravitational forces. 


This chapter deals with the simplest form of curved motion, uniform 
circular motion, motion in a circular path at constant speed. Studying this 
topic illustrates most concepts associated with rotational motion and leads 
to the study of many new topics we group under the name rotation. Pure 
rotational motion occurs when points in an object move in circular paths 
centered on one point. Pure translational motion is motion with no rotation. 
Some motion combines both types, such as a rotating hockey puck moving 
along ice. 


Glossary 


uniform circular motion 
the motion of an object in a circular path at constant speed 


4.2 Rotation Angle and Angular Velocity 


e Define arc length, rotation angle, radius of curvature and angular 
velocity. 
¢ Calculate the angular velocity of a car wheel spin. 


In Kinematics, we studied motion along a straight line and introduced such 
concepts as displacement, velocity, and acceleration. Two-Dimensional 
Kinematics dealt with motion in two dimensions. Projectile motion is a 
special case of two-dimensional kinematics in which the object is projected 
into the air, while being subject to the gravitational force, and lands a 
distance away. In this chapter, we consider situations where the object does 
not land but moves in a curve. We begin the study of uniform circular 
motion by defining two angular quantities needed to describe rotational 
motion. 


Rotation Angle 


When objects rotate about some axis—for example, when the CD (compact 
disc) in [link] rotates about its center—each point in the object follows a 
circular arc. Consider a line from the center of the CD to its edge. Each pit 
used to record sound along this line moves through the same angle in the 
same amount of time. The rotation angle is the amount of rotation and is 
analogous to linear distance. We define the rotation angle A@ to be the 
ratio of the arc length to the radius of curvature: 

Equation: 


Mas 
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All points on a CD 
travel in circular arcs. 
The pits along a line 
from the center to the 
edge all move through 
the same angle A@ in 
a time At. 


As 


The radius of a circle is rotated 
through an angle A@. The arc 


length As is described on the 
circumference. 


The arc length As is the distance traveled along a circular path as shown in 
[link] Note that r is the radius of curvature of the circular path. 


We know that for one complete revolution, the arc length is the 
circumference of a circle of radius r. The circumference of a circle is 2mr. 
Thus for one complete revolution the rotation angle is 

Equation: 


9 
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Tr 


This result is the basis for defining the units used to measure rotation 
angles, A@ to be radians (rad), defined so that 
Equation: 


2n rad = 1 revolution. 


A comparison of some useful angles expressed in both degrees and radians 
is shown in [link]. 


Degree Measures Radian Measure 


30° 7 
6 


Degree Measures Radian Measure 


60° ot 
3 
90° a 
2 
120° a 
3 
135° a 
4 
180° ™ 


Comparison of Angular Units 


Points 1 and 2 rotate 
through the same angle 
(AQ), but point 2 
moves through a 
greater arc length (As) 
because it is ata 
greater distance from 
the center of rotation 


(r). 


If A@ = 27 rad, then the CD has made one complete revolution, and every 
point on the CD is back at its original position. Because there are 360° in a 
circle or one revolution, the relationship between radians and degrees is 
thus 


Equation: 
27 rad = 360° 
so that 
Equation: 
0° 
Lrad= 22 PaGe . 


TU 


Angular Velocity 


How fast is an object rotating? We define angular velocity w as the rate of 
change of an angle. In symbols, this is 
Equation: 
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where an angular rotation A@ takes place in a time At. The greater the 
rotation angle in a given amount of time, the greater the angular velocity. 
The units for angular velocity are radians per second (rad/s). 


Angular velocity w is analogous to linear velocity v. To get the precise 
relationship between angular and linear velocity, we again consider a pit on 
the rotating CD. This pit moves an arc length As in a time At, and so it has 
a linear velocity 

Equation: 


As 
v= —. 
At 
From A@é = — we see that As = rAd. Substituting this into the 


expression for v gives 
Equation: 


We write this relationship in two different ways and gain two different 
insights: 
Equation: 


U 
V=TWOrwWw=—. 
r 


The first relationship in v = rw or w = ~ states that the linear velocity v is 


proportional to the distance from the center of rotation, thus, it is largest for 
a point on the rim (largest r), as you might expect. We can also call this 
linear speed v of a point on the rim the tangential speed. The second 
relationship in v = rw or w = ~ can be illustrated by considering the tire 


of a moving car. Note that the speed of a point on the rim of the tire is the 
same as the speed v of the car. See [link]. So the faster the car moves, the 
faster the tire spins—large v means a large w, because v = rw. Similarly, a 
larger-radius tire rotating at the same angular velocity (w) will produce a 
greater linear speed (v) for the car. 


A car moving at a velocity v to 
the right has a tire rotating with 
an angular velocity w.The speed 
of the tread of the tire relative to 
the axle is v, the same as if the 
car were jacked up. Thus the car 
moves forward at linear velocity 
v = Tw, where r is the tire 
radius. A larger angular velocity 
for the tire means a greater 
velocity for the car. 


Example: 

How Fast Does a Car Tire Spin? 

Calculate the angular velocity of a 0.300 m radius car tire when the car 
travels at 15.0 m/s (about 54 km/h). See [link]. 

Strategy 

Because the linear speed of the tire rim is the same as the speed of the car, 
we have v = 15.0 m/s. The radius of the tire is given to be r = 0.300 m. 
Knowing v and 7, we can use the second relationship in v = rw, w = = to 
calculate the angular velocity. 

Solution 

To calculate the angular velocity, we will use the following relationship: 
Equation: 


Vv 
a 
r 
Substituting the knowns, 
Equation: 
15.0 m/s 
SS = ric, 
0.300 m bade 
Discussion 


When we cancel units in the above calculation, we get 50.0/s. But the 
angular velocity must have units of rad/s. Because radians are actually 
unitless (radians are defined as a ratio of distance), we can simply insert 
them into the answer for the angular velocity. Also note that if an earth 
mover with much larger tires, say 1.20 m in radius, were moving at the 
same speed of 15.0 m/s, its tires would rotate more slowly. They would 
have an angular velocity 

Equation: 


w = (15.0 m/s) /(1.20 m) = 12.5 rad/s. 


Both w and v have directions (hence they are angular and linear velocities, 
respectively). Angular velocity has only two directions with respect to the 
axis of rotation—it is either clockwise or counterclockwise. Linear velocity 
is tangent to the path, as illustrated in [link]. 


As an object moves ina 
circle, here a fly on the 
edge of an old-fashioned 
vinyl record, its 
instantaneous velocity is 
always tangent to the 
circle. The direction of 
the angular velocity is 
clockwise in this case. 


Section Summary 


e Uniform circular motion is motion in a circle at constant speed. The 
rotation angle A@ is defined as the ratio of the arc length to the radius 
of curvature: 

Equation: 


where arc length As is distance traveled along a circular path and r is 
the radius of curvature of the circular path. The quantity A@ is 
measured in units of radians (rad), for which 

Equation: 


2n rad = 360°= 1 revolution. 


e The conversion between radians and degrees is 1 rad = 57.3°. 
e Angular velocity w is the rate of change of an angle, 
Equation: 


where a rotation A@ takes place in a time At. The units of angular 
velocity are radians per second (rad/s). Linear velocity v and angular 
velocity w are related by 

Equation: 


U 
Vv=TwWwOoOrw=—. 
‘i 


Conceptual Questions 


Exercise: 


Problem: 


There is an analogy between rotational and linear physical quantities. 
What rotational quantities are analogous to distance and velocity? 


Problem Exercises 


Exercise: 
Problem: 
Semi-trailer trucks have an odometer on one hub of a trailer wheel. 
The hub is weighted so that it does not rotate, but it contains gears to 
count the number of wheel revolutions—it then calculates the distance 


traveled. If the wheel has a 1.15 m diameter and goes through 200,000 
rotations, how many kilometers should the odometer read? 


Solution: 


723 km 
Exercise: 
Problem: 
(a) What is the period of rotation of Earth in seconds? (b) What is the 
angular velocity of Earth? (c) Given that Earth has a radius of 


6.4 x 10° m at its equator, what is the linear velocity at Earth’s 
surface? 


Exercise: 
Problem: 
A baseball pitcher brings his arm forward during a pitch, rotating the 
forearm about the elbow. If the velocity of the ball in the pitcher’s 


hand is 35.0 m/s and the ball is 0.300 m from the elbow joint, what is 
the angular velocity of the forearm? 


Solution: 


117 rad/s 
Exercise: 


Problem: 


A truck with 0.420-m-radius tires travels at 32.0 m/s. What is the 
angular velocity of the rotating tires in radians per second? What is 
this in rev/min? 


Solution: 
76.2 rad/s 


728 rpm 
Exercise: 


Problem: 


Integrated Concepts When kicking a football, the kicker rotates his 
leg about the hip joint. 


(a) If the velocity of the tip of the kicker’s shoe is 35.0 m/s and the hip 
joint is 1.05 m from the tip of the shoe, what is the shoe tip’s angular 
velocity? 

(b) The shoe is in contact with the initially stationary 0.500 kg football 
for 20.0 ms. What average force is exerted on the football to give it a 
velocity of 20.0 m/s? 

(c) Find the maximum range of the football, neglecting air resistance. 
Solution: 


(a) 33.3 rad/s 


(b) 500 N 


(c) 40.8 m 


Glossary 


arc length 
As, the distance traveled by an object along a circular path 


pit 
a tiny indentation on the spiral track moulded into the top of the 
polycarbonate layer of CD 


rotation angle 
the ratio of the arc length to the radius of curvature on a circular path: 


Ag = 4 


radius of curvature 
radius of a circular path 


radians 
a unit of angle measurement 


angular velocity 
w, the rate of change of the angle with which an object moves on a 
circular path 


4.3 Centripetal Acceleration 


e Establish the expression for centripetal acceleration. 
e Explain the centrifuge. 


We know from kinematics that acceleration is a change in velocity, either in 
its magnitude or in its direction, or both. In uniform circular motion, the 
direction of the velocity changes constantly, so there is always an associated 
acceleration, even though the magnitude of the velocity might be constant. 
You experience this acceleration yourself when you turn a corner in your 
car. (If you hold the wheel steady during a turn and move at constant speed, 
you are in uniform circular motion.) What you notice is a sideways 
acceleration because you and the car are changing direction. The sharper 
the curve and the greater your speed, the more noticeable this acceleration 
will become. In this section we examine the direction and magnitude of that 
acceleration. 


[link] shows an object moving in a circular path at constant speed. The 
direction of the instantaneous velocity is shown at two points along the 
path. Acceleration is in the direction of the change in velocity, which points 
directly toward the center of rotation (the center of the circular path). This 
pointing is shown with the vector diagram in the figure. We call the 
acceleration of an object moving in uniform circular motion (resulting from 
a net external force) the centripetal acceleration(a,.); centripetal means 
“toward the center” or “center seeking.” 


Vo P 


The directions of the 
velocity of an object at 
two different points are 

shown, and the change in 
velocity Av is seen to 
point directly toward the 
center of curvature. (See 
small inset.) Because 
a, = Av/At, the 
acceleration is also 
toward the center; a, is 
called centripetal 
acceleration. (Because 
Aé@ is very small, the arc 
length As is equal to the 
chord length Ar for small 
time differences.) 


The direction of centripetal acceleration is toward the center of curvature, 
but what is its magnitude? Note that the triangle formed by the velocity 
vectors and the one formed by the radii r and As are similar. Both the 


triangles ABC and PQR are isosceles triangles (two equal sides). The two 
equal sides of the velocity vector triangle are the speeds v; = v2 = v. 
Using the properties of two similar triangles, we obtain 

Equation: 


Acceleration is Av/At, and so we first solve this expression for Av: 
Equation: 


Av = =e 
r 


Then we divide this by At, yielding 
Equation: 


eu 
At 


of ees 
op At 
Finally, noting that Av/At = a, and that As/At = 1, the linear or 


tangential speed, we see that the magnitude of the centripetal acceleration is 
Equation: 


ag = —, 
r 


which is the acceleration of an object in a circle of radius r at a speed v. So, 
centripetal acceleration is greater at high speeds and in sharp curves 
(smaller radius), as you have noticed when driving a car. But it is a bit 
surprising that a, is proportional to speed squared, implying, for example, 
that it is four times as hard to take a curve at 100 km/h than at 50 km/h. A 
sharp comer has a small radius, so that a, is greater for tighter turns, as you 
have probably noticed. 


It is also useful to express a, in terms of angular velocity. Substituting 

v = rw into the above expression, we find a, = (rw)*/r = rw”. We can 
express the magnitude of centripetal acceleration using either of two 
equations: 

Equation: 


2 
ag =; Aao=TW. 


Recall that the direction of a, is toward the center. You may use whichever 
expression is more convenient, as illustrated in examples below. 


A centrifuge (see [link |b) is a rotating device used to separate specimens of 
different densities. High centripetal acceleration significantly decreases the 
time it takes for separation to occur, and makes separation possible with 
small samples. Centrifuges are used in a variety of applications in science 
and medicine, including the separation of single cell suspensions such as 
bacteria, viruses, and blood cells from a liquid medium and the separation 
of macromolecules, such as DNA and protein, from a solution. Centrifuges 
are often rated in terms of their centripetal acceleration relative to 
acceleration due to gravity (g); maximum centripetal acceleration of several 
hundred thousand g is possible in a vacuum. Human centrifuges, extremely 
large centrifuges, have been used to test the tolerance of astronauts to the 
effects of accelerations larger than that of Earth’s gravity. 


Example: 

How Does the Centripetal Acceleration of a Car Around a Curve 
Compare with That Due to Gravity? 

What is the magnitude of the centripetal acceleration of a car following a 
curve of radius 500 m at a speed of 25.0 m/s (about 90 km/h)? Compare 
the acceleration with that due to gravity for this fairly gentle curve taken at 
highway speed. See [link](a). 

Strategy 


Because v and r are given, the first expression in a, = ce a. = rw’ is the 
most convenient to use. 
Solution 
Entering the given values of v = 25.0 m/s and r = 500 m into the first 
expression for a, gives 
Equation: 

v2 (25.0 m/s)? 


=) rt os 
ae 500 m aru 


Discussion 
To compare this with the acceleration due to gravity (g = 9.80 m/s”), we 
take the ratio of a,/g = (1.25 m/s”) i (9.80 m/s”) — 0.128. Thus, 


a, = 0.128 g and is noticeable especially if you were not wearing a seat 
belt. 


Center of 
rotation 


(b) Centrifuge 


(a) The car 
following a circular 
path at constant 
speed is 
accelerated 
perpendicular to its 
velocity, as shown. 
The magnitude of 
this centripetal 
acceleration is 
found in [link]. (b) 
A particle of mass 
in a centrifuge is 
rotating at constant 
angular velocity . It 


must be accelerated 
perpendicular to its 
velocity or it would 
continue in a 
straight line. The 
magnitude of the 
necessary 
acceleration is 
found in [link]. 


Example: 

How Big Is the Centripetal Acceleration in an Ultracentrifuge? 
Calculate the centripetal acceleration of a point 7.50 cm from the axis of an 
ultracentrifuge spinning at 7.5 x 10 rev/min. Determine the ratio of 
this acceleration to that due to gravity. See [link](b). 

Strategy 

The term rev/min stands for revolutions per minute. By converting this to 
radians per second, we obtain the angular velocity w. Because r is given, 
we can use the second expression in the equation a, = a 5 Ac = rw” to 
calculate the centripetal acceleration. 

Solution 

To convert 7.50 x 10* rev/min to radians per second, we use the facts 
that one revolution is 2mrad and one minute is 60.0 s. Thus, 

Equation: 


re 2n rad 1 min 


——— 
min 1 rev 60.0 s 


w = 7.50 x 10° = 7854 rad/s. 


Now the centripetal acceleration is given by the second expression in 


Z 
do = 23a, = rw? as 
Equation: 


r? 


Converting 7.50 cm to meters and substituting known values gives 
Equation: 


a, = (0.0750 m)(7854 rad/s)” = 4.63 x 10° m/s”. 


Note that the unitless radians are discarded in order to get the correct units 
for centripetal acceleration. Taking the ratio of a, to g yields 
Equation: 


A. 10° 
te = 4.63 x 10" = A710. 
9.80 


Discussion 

This last result means that the centripetal acceleration is 472,000 times as 
strong as g. It is no wonder that such high w centrifuges are called 
ultracentrifuges. The extremely large accelerations involved greatly 
decrease the time needed to cause the sedimentation of blood cells or other 
materials. 


Of course, a net external force is needed to cause any acceleration, just as 
Newton proposed in his second law of motion. So a net external force is 
needed to cause a centripetal acceleration. In Centripetal Force, we will 
consider the forces involved in circular motion. 


Section Summary 


e Centripetal acceleration a, is the acceleration experienced while in 
uniform circular motion. It always points toward the center of rotation. 
It is perpendicular to the linear velocity v and has the magnitude 
Equation: 


e The unit of centripetal acceleration is m/s”. 


Conceptual Questions 


Exercise: 
Problem: 


Can centripetal acceleration change the speed of circular motion? 
Explain. 


Problem Exercises 


Exercise: 
Problem: 
A fairground ride spins its occupants inside a flying saucer-shaped 
container. If the horizontal circular path the riders follow has an 8.00 
m radius, at how many revolutions per minute will the riders be 


subjected to a centripetal acceleration whose magnitude is 1.50 times 
that due to gravity? 


Solution: 


12.9 rev/min 
Exercise: 


Problem: 


An ordinary workshop grindstone has a radius of 7.50 cm and rotates 
at 6500 rev/min. 


(a) Calculate the magnitude of the centripetal acceleration at its edge in 
meters per second squared and convert it to multiples of g. 


(b) What is the linear speed of a point on its edge? 


Solution: 
a) 3.47 x 104 m/s?, 3.55 x 10° g 
b) 51.1 m/s 
Exercise: 
Problem: Olympic ice skaters are able to spin at about 5 rev/s. 
(a) What is their angular velocity in radians per second? 


(b) What is the centripetal acceleration of the skater’s nose if it is 
0.120 m from the axis of rotation? 


(c) An exceptional skater named Dick Button was able to spin much 
faster in the 1950s than anyone since—at about 9 rev/s. What was the 
centripetal acceleration of the tip of his nose, assuming it is at 0.120 m 
radius? 


(d) Comment on the magnitudes of the accelerations found. It is 
reputed that Button ruptured small blood vessels during his spins. 


Solution: 

a) 31.4 rad/s 
b) 118 m/s 
c) 384 m/s 


d)The centripetal acceleration felt by Olympic skaters is 12 times 
larger than the acceleration due to gravity. That’s quite a lot of 
acceleration in itself. The centripetal acceleration felt by Button’s nose 
was 39.2 times larger than the acceleration due to gravity. It is no 
wonder that he ruptured small blood vessels in his spins. 


Exercise: 


Problem: 


A rotating space station is said to create “artificial gravity”—a loosely- 
defined term used for an acceleration that would be crudely similar to 
gravity. The outer wall of the rotating space station would become a 
floor for the astronauts, and centripetal acceleration supplied by the 
floor would allow astronauts to exercise and maintain muscle and bone 
strength more naturally than in non-rotating space environments. If the 
Space station is 200 m in diameter, what angular velocity would 
produce an “artificial gravity” of 9.80 m/ s” at the rim? 


Glossary 


centripetal acceleration 
the acceleration of an object moving in a circle, directed toward the 
center 


ultracentrifuge 
a centrifuge optimized for spinning a rotor at very high speeds 


4.4 Centripetal Force 


e Calculate coefficient of friction on a car tire. 
e Calculate ideal speed and angle of a car on a turn. 


Any force or combination of forces can cause a centripetal or radial 
acceleration. Just a few examples are the tension in the rope on a tether ball, 
the force of Earth’s gravity on the Moon, friction between roller skates and 
a rink floor, a banked roadway’s force on a car, and forces on the tube of a 
spinning centrifuge. 


Any net force causing uniform circular motion is called a centripetal force. 
The direction of a centripetal force is toward the center of curvature, the 
same as the direction of centripetal acceleration. According to Newton’s 
second law of motion, net force is mass times acceleration: net F = ma. 
For uniform circular motion, the acceleration is the centripetal acceleration 
—a = a¢. Thus, the magnitude of centripetal force F, is 

Equation: 


F. = mag. 


By using the expressions for centripetal acceleration a, from 
2 


gS = rw”, we get two expressions for the centripetal force F, in 


terms of mass, velocity, angular velocity, and radius of curvature: 
Equation: 


You may use whichever expression for centripetal force is more convenient. 
Centripetal force F, is always perpendicular to the path and pointing to the 
center of curvature, because a, is perpendicular to the velocity and pointing 
to the center of curvature. 


Note that if you solve the first expression for r, you get 
Equation: 


This implies that for a given mass and velocity, a large centripetal force 
causes a small radius of curvature—that is, a tight curve. 
5 ek 


Path Vv @ 
ee 


Ff = F, is parallel to a, since F, = ma, 


The frictional force 
supplies the 
centripetal force 
and is numerically 
equal to it. 
Centripetal force is 
perpendicular to 
velocity and causes 
uniform circular 
motion. The larger 
the F’., the smaller 
the radius of 
curvature r and the 
sharper the curve. 
The second curve 


has the same v, but 
a larger F, 
produces a smaller 
Tl 


Example: 

What Coefficient of Friction Do Car Tires Need on a Flat Curve? 

(a) Calculate the centripetal force exerted on a 900 kg car that negotiates a 
500 m radius curve at 25.0 m/s. 

(b) Assuming an unbanked curve, find the minimum static coefficient of 
friction, between the tires and the road, static friction being the reason that 
keeps the car from slipping (see [link]). 

Strategy and Solution for (a) 

We know that F.. = a . Thus, 

Equation: 


2 900 ke )(25.0 2 
fp eo UU pany 
r (500 m) 


Strategy for (b) 

[link] shows the forces acting on the car on an unbanked (level ground) 
curve. Friction is to the left, keeping the car from slipping, and because it 
is the only horizontal force acting on the car, the friction is the centripetal 
force in this case. We know that the maximum static friction (at which the 
tires roll but do not slip) is w;N, where ps is the static coefficient of 
friction and N is the normal force. The normal force equals the car’s 
weight on level ground, so that WV = mg. Thus the centripetal force in this 
situation is 

Equation: 


Le = f= AN = ame. 


Now we have a relationship between centripetal force and the coefficient 
of friction. Using the first expression for fF, from the equation 
Equation: 


Equation: 
Vv 
m— = Usmg. 
r 


We solve this for 4,, noting that mass cancels, and obtain 
Equation: 


Ae 
Hs = —- 
rg 
Solution for (b) 
Substituting the knowns, 
Equation: 
25.0 m/s)? 
fee OS) eer 


(500 m)(9.80 m/s”) 


(Because coefficients of friction are approximate, the answer is given to 
only two digits.) 
Discussion 
2 
eis 
FF, = m-, 


We could also solve part (a) using the first expression in : 


Ee rw 
because m,v, and r are given. The coefficient of friction found in part (b) 
is much smaller than is typically found between tires and roads. The car 
will still negotiate the curve if the coefficient is greater than 0.13, because 
Static friction is a responsive force, being able to assume a value less than 
but no more than pV. A higher coefficient would also allow the car to 
negotiate the curve at a higher speed, but if the coefficient of friction is 


less, the safe speed would be less than 25 m/s. Note that mass cancels, 
implying that in this example, it does not matter how heavily loaded the car 
is to negotiate the turn. Mass cancels because friction is assumed 
proportional to the normal force, which in turn is proportional to mass. If 
the surface of the road were banked, the normal force would be less as will 
be discussed below. 


Free-body 
diagram 


This car on level ground is 
moving away and turning to the 
left. The centripetal force 
causing the car to turn ina 
circular path is due to friction 
between the tires and the road. 
A minimum coefficient of 
friction is needed, or the car 
will move in a larger-radius 
curve and leave the roadway. 


Let us now consider banked curves, where the slope of the road helps you 
negotiate the curve. See [link]. The greater the angle 6, the faster you can 


take the curve. Race tracks for bikes as well as cars, for example, often have 
steeply banked curves. In an “ideally banked curve,” the angle @ is such that 
you can negotiate the curve at a certain speed without the aid of friction 
between the tires and the road. We will derive an expression for @ for an 
ideally banked curve and consider an example related to it. 


For ideal banking, the net external force equals the horizontal centripetal 
force in the absence of friction. The components of the normal force N in 
the horizontal and vertical directions must equal the centripetal force and 
the weight of the car, respectively. In cases in which forces are not parallel, 
it is most convenient to consider components along perpendicular axes—in 
this case, the vertical and horizontal directions. 


[link] shows a free body diagram for a car on a frictionless banked curve. If 
the angle 0 is ideal for the speed and radius, then the net external force will 
equal the necessary centripetal force. The only two external forces acting on 
the car are its weight w and the normal force of the road N. (A frictionless 
surface can only exert a force perpendicular to the surface—that is, a 
normal force.) These two forces must add to give a net external force that is 
horizontal toward the center of curvature and has magnitude mv? /r. 
Because this is the crucial force and it is horizontal, we use a coordinate 
system with vertical and horizontal axes. Only the normal force has a 
horizontal component, and so this must equal the centripetal force—that is, 
Equation: 


i) 


N sin 0 = bi 


Because the car does not leave the surface of the road, the net vertical force 
must be zero, meaning that the vertical components of the two external 
forces must be equal in magnitude and opposite in direction. From the 
figure, we see that the vertical component of the normal force is N cos 6, 
and the only other vertical force is the car’s weight. These must be equal in 
magnitude; thus, 

Equation: 


N cos 0 = mg. 


Now we can combine the last two equations to eliminate NV and get an 
expression for 0, as desired. Solving the second equation for 
N = mg/(cos 9), and substituting this into the first yields 


Equation: 
sin 0 mv? 
mg = 
cos 0 r 
Equation: 
mgtan(#) = ™ 
tand = & 


Taking the inverse tangent gives 
Equation: 


2 
6=tan' (=) (ideally banked curve, no friction). 


This expression can be understood by considering how @ depends on v and 

r. A large 8 will be obtained for a large v and a small r. That is, roads must 
be steeply banked for high speeds and sharp curves. Friction helps, because 
it allows you to take the curve at greater or lower speed than if the curve is 

frictionless. Note that 0 does not depend on the mass of the vehicle. 


The car on this banked curve is 
moving away and turning to the 
left. 


Example: 

What Is the Ideal Speed to Take a Steeply Banked Tight Curve? 
Curves on some test tracks and race courses, such as the Daytona 
International Speedway in Florida, are very steeply banked. This banking, 
with the aid of tire friction and very stable car configurations, allows the 
curves to be taken at very high speed. To illustrate, calculate the speed at 
which a 100 m radius curve banked at 65.0° should be driven if the road is 
frictionless. 

Strategy 

We first note that all terms in the expression for the ideal angle of a banked 
curve except for speed are known; thus, we need only rearrange it so that 
speed appears on the left-hand side and then substitute known quantities. 
Solution 

Starting with 

Equation: 


tan 0 = — 


we get 


Equation: 
v = (rg tan 6)!” 
Noting that tan 65.0° = 2.14, we obtain 
Equation: 
5 1/2 
y= |(100 m)(9.80 m/s )(2.14)] 
= 45.8m/s. 
Discussion 


This is just about 165 km/h, consistent with a very steeply banked and 
rather sharp curve. Tire friction enables a vehicle to take the curve at 
significantly higher speeds. 

Calculations similar to those in the preceding examples can be performed 
for a host of interesting situations in which centripetal force is involved—a 
number of these are presented in this chapter’s Problems and Exercises. 


Section Summary 


e Centripetal force F. is any force causing uniform circular motion. It is 
a “center-seeking” force that always points toward the center of 
rotation. It is perpendicular to linear velocity v and has magnitude 
Equation: 


ys = MAc, 


which can also be expressed as 
Equation: 


F. — Tl 
or F 
F.= mrw” 


Conceptual Questions 


Exercise: 
Problem: 
If you wish to reduce the stress (which is related to centripetal force) 


on high-speed tires, would you use large- or small-diameter tires? 
Explain. 


Exercise: 
Problem: 
Define centripetal force. Can any type of force (for example, tension, 


gravitational force, friction, and so on) be a centripetal force? Can any 
combination of forces be a centripetal force? 


Exercise: 
Problem: 
If centripetal force is directed toward the center, why do you feel that 


you are ‘thrown’ away from the center as a car goes around a curve? 
Explain. 


Exercise: 
Problem: 


Race car drivers routinely cut corners as shown in [link]. Explain how 
this allows the curve to be taken at the greatest speed. 


Two paths around a 
race track curve are 
shown. Race car 
drivers will take the 
inside path (called 
cutting the corner) 
whenever possible 
because it allows 
them to take the 
curve at the highest 
speed. 


Exercise: 


Problem: 


A number of amusement parks have rides that make vertical loops like 
the one shown in [link]. For safety, the cars are attached to the rails in 
such a way that they cannot fall off. If the car goes over the top at just 
the right speed, gravity alone will supply the centripetal force. What 
other force acts and what is its direction if: 


(a) The car goes over the top at faster than this speed? 


(b)The car goes over the top at slower than this speed? 


l SJ 


Amusement rides with a vertical 
loop are an example of a form 
of curved motion. 


Exercise: 


Problem: 


What is the direction of the force exerted by the car on the passenger 
as the car goes over the top of the amusement ride pictured in [link] 
under the following circumstances: 


(a) The car goes over the top at such a speed that the gravitational 
force is the only force acting? 


(b) The car goes over the top faster than this speed? 


(c) The car goes over the top slower than this speed? 


Exercise: 


Problem: 


As a Skater forms a circle, what force is responsible for making her 
turn? Use a free body diagram in your answer. 


Exercise: 


Problem: 


Suppose a child is riding on a merry-go-round at a distance about 
halfway between its center and edge. She has a lunch box resting on 
wax paper, so that there is very little friction between it and the merry- 
go-round. Which path shown in [link] will the lunch box take when 
she lets go? The lunch box leaves a trail in the dust on the merry-go- 
round. Is that trail straight, curved to the left, or curved to the right? 
Explain your answer. 
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Merry-go-round’s rotating 
frame of reference 


A child riding on a merry-go- 
round releases her lunch box at 
point P. This is a view from 
above the clockwise rotation. 
Assuming it slides with 
negligible friction, will it follow 
path A, B, or C, as viewed from 
Earth’s frame of reference? 


What will be the shape of the 
path it leaves in the dust on the 
merry-go-round? 


Exercise: 


Problem: 

Do you feel yourself thrown to either side when you negotiate a curve 
that is ideally banked for your car’s speed? What is the direction of the 
force exerted on you by the car seat? 


Problems Exercise 


Exercise: 


Problem: 
What is the ideal banking angle for a gentle turn of 1.20 km radius on 
a highway with a 105 km/h speed limit (about 65 mi/h), assuming 


everyone travels at the limit? 


Solution: 


4.14° 
Exercise: 


Problem: 


(a) What is the radius of a bobsled turn banked at 75.0° and taken at 
30.0 m/s, assuming it is ideally banked? 


(b) Calculate the centripetal acceleration. 
(c) Does this acceleration seem large to you? 


Solution: 


a) 24.6 m 
b) 36.6 m/s? 


C) a, = 3.73 g. This does not seem too large, but it is clear that 
bobsledders feel a lot of force on them going through sharply banked 
turns. 


Exercise: 


Problem: 


Part of riding a bicycle involves leaning at the correct angle when 
making a turn, as seen in [link]. To be stable, the force exerted by the 
ground must be on a line going through the center of gravity. The force 
on the bicycle wheel can be resolved into two perpendicular 
components—friction parallel to the road (this must supply the 
centripetal force), and the vertical normal force (which must equal the 
system’s weight). 


(a) Show that 0 (as defined in the figure) is related to the speed v and 
radius of curvature r of the turn in the same way as for an ideally 
banked roadway—that is, 9 = tan !v?/rg 


(b) Calculate @ for a 12.0 m/s turn of radius 30.0 m (as in a race). 
Free-body diagram 


A bicyclist negotiating a turn on 
level ground must lean at the 
correct angle—the ability to do 
this becomes instinctive. The 
force of the ground on the 
wheel needs to be on a line 
through the center of gravity. 
The net external force on the 
system is the centripetal force. 
The vertical component of the 
force on the wheel cancels the 
weight of the system while its 
horizontal component must 
supply the centripetal force. 
This process produces a 
relationship among the angle 0, 
the speed v, and the radius of 
curvature r of the turn similar to 
that for the ideal banking of 

roadways. 


Exercise: 


Problem: 


A large centrifuge, like the one shown in [link](a), is used to expose 
aspiring astronauts to accelerations similar to those experienced in 
rocket launches and atmospheric reentries. 


(a) At what angular velocity is the centripetal acceleration 10 g if the 
rider is 15.0 m from the center of rotation? 


(b) The rider’s cage hangs on a pivot at the end of the arm, allowing it 
to swing outward during rotation as shown in [link](b). At what angle 
9 below the horizontal will the cage hang when the centripetal 
acceleration is 10 g ? (Hint: The arm supplies centripetal force and 


supports the weight of the cage. Draw a free body diagram of the 
forces to see what the angle 0 should be.) 
’wrereyvsees 


(a) NASA centrifuge used to 
subject trainees to accelerations 
similar to those experienced in 

rocket launches and reentries. 

(credit: NASA) (b) Rider in 

cage showing how the cage 
pivots outward during rotation. 

This allows the total force 
exerted on the rider by the cage 
to be along its axis at all times. 


Solution: 
a) 2.56 rad/s 
by e012 
Exercise: 
Problem: Unreasonable Results 


(a) Calculate the minimum coefficient of friction needed for a car to 
negotiate an unbanked 50.0 m radius curve at 30.0 m/s. 


(b) What is unreasonable about the result? 


(c) Which premises are unreasonable or inconsistent? 

Solution: 

a) 1.84 

b) A coefficient of friction this much greater than 1 is unreasonable . 


c) The assumed speed is too great for the tight curve. 


Glossary 


centripetal force 
any net force causing uniform circular motion 


ideal banking 
the sloping of a curve in a road, where the angle of the slope allows the 
vehicle to negotiate the curve at a certain speed without the aid of 
friction between the tires and the road; the net external force on the 
vehicle equals the horizontal centripetal force in the absence of friction 


ideal speed 


the maximum safe speed at which a vehicle can turn on a curve 
without the aid of friction between the tire and the road 


ideal angle 
the angle at which a car can turn safely on a steep curve, which is in 
proportion to the ideal speed 


banked curve 
the curve in a road that is sloping in a manner that helps a vehicle 
negotiate the curve 


4.5 Newton’s Universal Law of Gravitation 


e Explain Earth’s gravitational force. 

¢ Describe the gravitational effect of the Moon on Earth. 
e Discuss weightlessness in space. 

e Examine the Cavendish experiment 


What do aching feet, a falling apple, and the orbit of the Moon have in 
common? Each is caused by the gravitational force. Our feet are strained by 
supporting our weight—the force of Earth’s gravity on us. An apple falls 
from a tree because of the same force acting a few meters above Earth’s 
surface. And the Moon orbits Earth because gravity is able to supply the 
necessary centripetal force at a distance of hundreds of millions of meters. 
In fact, the same force causes planets to orbit the Sun, stars to orbit the 
center of the galaxy, and galaxies to cluster together. Gravity is another 
example of underlying simplicity in nature. It is the weakest of the four 
basic forces found in nature, and in some ways the least understood. It is a 
force that acts at a distance, without physical contact, and is expressed by a 
formula that is valid everywhere in the universe, for masses and distances 
that vary from the tiny to the immense. 


Sir Isaac Newton was the first scientist to precisely define the gravitational 
force, and to show that it could explain both falling bodies and astronomical 
motions. See [link]. But Newton was not the first to suspect that the same 
force caused both our weight and the motion of planets. His forerunner 
Galileo Galilei had contended that falling bodies and planetary motions had 
the same cause. Some of Newton’s contemporaries, such as Robert Hooke, 
Christopher Wren, and Edmund Halley, had also made some progress 
toward understanding gravitation. But Newton was the first to propose an 
exact mathematical form and to use that form to show that the motion of 
heavenly bodies should be conic sections—circles, ellipses, parabolas, and 
hyperbolas. This theoretical prediction was a major triumph—it had been 
known for some time that moons, planets, and comets follow such paths, 
but no one had been able to propose a mechanism that caused them to 
follow these paths and not others. 


According to early 
accounts, Newton was 
inspired to make the 
connection between 
falling bodies and 
astronomical motions 
when he saw an apple 
fall from a tree and 
realized that if the 
gravitational force 
could extend above the 
ground to a tree, it 
might also reach the 
Sun. The inspiration of 
Newton’s apple is a 
part of worldwide 
folklore and may even 
be based in fact. Great 
importance is attached 
to it because Newton’s 


universal law of 
gravitation and his 
laws of motion 
answered very old 
questions about nature 
and gave tremendous 
support to the notion 
of underlying 
simplicity and unity in 
nature. Scientists still 
expect underlying 
simplicity to emerge 
from their ongoing 
inquiries into nature. 


The gravitational force is relatively simple. It is always attractive, and it 
depends only on the masses involved and the distance between them. Stated 
in modern language, Newton’s universal law of gravitation states that 
every particle in the universe attracts every other particle with a force along 
a line joining them. The force is directly proportional to the product of their 
masses and inversely proportional to the square of the distance between 
them. 


M 


Gravitational attraction is along 
a line joining the centers of 
mass of these two bodies. The 
magnitude of the force is the 
same on each, consistent with 
Newton’s third law. 


Note: 

Misconception Alert 

The magnitude of the force on each object (one has larger mass than the 
other) is the same, consistent with Newton’s third law. 


The bodies we are dealing with tend to be large. To simplify the situation 
we assume that the body acts as if its entire mass is concentrated at one 
specific point called the center of mass (CM), which will be further 
explored in Linear Momentum and Collisions. For two bodies having 
masses m and M with a distance r between their centers of mass, the 
equation for Newton’s universal law of gravitation is 

Equation: 


ene ae 
2 


where F is the magnitude of the gravitational force and G is a 
proportionality factor called the gravitational constant. G is a universal 
gravitational constant—that is, it is thought to be the same everywhere in 
the universe. It has been measured experimentally to be 

Equation: 


g- N-m? 


G = 6.673 x 1 : 
kg 


in SI units. Note that the units of G are such that a force in newtons is 
obtained from F = G mM , when considering masses in kilograms and 
distance in meters. For example, two 1.000 kg masses separated by 1.000 m 
will experience a gravitational attraction of 6.673 x 10°-™ N. This is an 
extraordinarily small force. The small magnitude of the gravitational force 
is consistent with everyday experience. We are unaware that even large 
objects like mountains exert gravitational forces on us. In fact, our body 
weight is the force of attraction of the entire Earth on us with a mass of 


6 x 1074 kg. 


Recall that the acceleration due to gravity g is about 9.80 m/ s” on Earth. 
We can now determine why this is so. The weight of an object mg is the 
gravitational force between it and Earth. Substituting mg for F’ in Newton’s 
universal law of gravitation gives 

Equation: 


where m is the mass of the object, M is the mass of Earth, and r is the 
distance to the center of Earth (the distance between the centers of mass of 
the object and Earth). See [link]. The mass ™m of the object cancels, leaving 
an equation for g: 

Equation: 


Substituting known values for Earth’s mass and radius (to three significant 
figures), 
Equation: 


N- m2 ; 24 
g= (6.67 x 10™ 2) eae 


kg” 6.38 x 10° m)2’ 


and we obtain a value for the acceleration of a falling body: 
Equation: 


The distance between the 
centers of mass of Earth and an 
object on its surface is very 
nearly the same as the radius of 
Earth, because Earth is so much 
larger than the object. 


This is the expected value and is independent of the body’s mass. Newton’s 
law of gravitation takes Galileo’s observation that all masses fall with the 
same acceleration a step further, explaining the observation in terms of a 
force that causes objects to fall—in fact, in terms of a universally existing 
force of attraction between masses. 


In the following example, we make a comparison similar to one made by 
Newton himself. He noted that if the gravitational force caused the Moon to 
orbit Earth, then the acceleration due to gravity should equal the centripetal 
acceleration of the Moon in its orbit. Newton found that the two 
accelerations agreed “pretty nearly.” 


Example: 

Earth’s Gravitational Force Is the Centripetal Force Making the Moon 
Move in a Curved Path 

(a) Find the acceleration due to Earth’s gravity at the distance of the Moon. 
(b) Calculate the centripetal acceleration needed to keep the Moon in its 
orbit (assuming a circular orbit about a fixed Earth), and compare it with 
the value of the acceleration due to Earth’s gravity that you have just 
found. 

Strategy for (a) 

This calculation is the same as the one finding the acceleration due to 
gravity at Earth’s surface, except that ris the distance from the center of 
Earth to the center of the Moon. The radius of the Moon’s nearly circular 
orbit is 3.84 x 10° m. 

Solution for (a) 

Substituting known values into the expression for g found above, 
remembering that M is the mass of Earth not the Moon, yields 

Equation: 


= Migs —11 N-m? 5.98x10"4 ke 
Gis Cea (6.67 Stk eae ) * (3.84x108 m)? 
= 2.70 x 10? m/s.” 


Strategy for (b) 
Centripetal acceleration can be calculated using either form of 
Equation: 


We choose to use the second form: 
Equation: 


kg = le 


where w is the angular velocity of the Moon about Earth. 
Solution for (b) 


Given that the period (the time it takes to make one complete rotation) of 
the Moon’s orbit is 27.3 days, (d) and using 


Equation: 
hr min Ss 
1d x 24— x 60—— x 60—— = 86,400 s 
d hr min 
we see that 
Equation: 
A@ 2n rad rad 
= 2 = SR I 
~ Rt — (27.3 d)(86,400 s/d) ; 


The centripetal acceleration is 
Equation: 


Qe = rw* = (3.84 x 10° m)(2.66 x 10~® rad/s)? 
2.72 x 107° m/s.” 


The direction of the acceleration is toward the center of the Earth. 
Discussion 

The centripetal acceleration of the Moon found in (b) differs by less than 
1% from the acceleration due to Earth’s gravity found in (a). This 
agreement is approximate because the Moon’s orbit is slightly elliptical, 
and Earth is not stationary (rather the Earth-Moon system rotates about its 
center of mass, which is located some 1700 km below Earth’s surface). The 
clear implication is that Earth’s gravitational force causes the Moon to 
orbit Earth. 


Why does Earth not remain stationary as the Moon orbits it? This is 
because, as expected from Newton’s third law, if Earth exerts a force on the 
Moon, then the Moon should exert an equal and opposite force on Earth 
(see [link]). We do not sense the Moon’s effect on Earth’s motion, because 
the Moon’s gravity moves our bodies right along with Earth but there are 
other signs on Earth that clearly show the effect of the Moon’s gravitational 


force as discussed in Satellites and Kepler's Laws: An Argument for 
Simplicity. 


Earth's path has 
“wiggles” (exaggerated) 


(not to scale) 
Earth—moon center of mass 
follows elliptical path 


(a) (b) 


(a) Earth and the Moon rotate 
approximately once a month around 
their common center of mass. (b) 
Their center of mass orbits the Sun 
in an elliptical orbit, but Earth’s path 
around the Sun has “wiggles” in it. 
Similar wiggles in the paths of stars 
have been observed and are 
considered direct evidence of 
planets orbiting those stars. This is 
important because the planets’ 
reflected light is often too dim to be 
observed. 


Tides 


Ocean tides are one very observable result of the Moon’s gravity acting on 
Earth. [link] is a simplified drawing of the Moon’s position relative to the 
tides. Because water easily flows on Earth’s surface, a high tide is created 
on the side of Earth nearest to the Moon, where the Moon’s gravitational 
pull is strongest. Why is there also a high tide on the opposite side of Earth? 
The answer is that Earth is pulled toward the Moon more than the water on 
the far side, because Earth is closer to the Moon. So the water on the side of 


Earth closest to the Moon is pulled away from Earth, and Earth is pulled 
away from water on the far side. As Earth rotates, the tidal bulge (an effect 
of the tidal forces between an orbiting natural satellite and the primary 
planet that it orbits) keeps its orientation with the Moon. Thus there are two 
tides per day (the actual tidal period is about 12 hours and 25.2 minutes), 
because the Moon moves in its orbit each day as well). 


Low tide 


ae 


High { / 
tide \ 


Moon 


Turtle (not to scale) 
The Moon causes ocean tides by attracting 
the water on the near side more than Earth, 
and by attracting Earth more than the water 
on the far side. The distances and sizes are 
not to scale. For this simplified 
representation of the Earth-Moon system, 
there are two high and two low tides per day 
at any location, because Earth rotates under 
the tidal bulge. 


The Sun also affects tides, although it has about half the effect of the Moon. 
However, the largest tides, called spring tides, occur when Earth, the Moon, 
and the Sun are aligned. The smallest tides, called neap tides, occur when 
the Sun is at a 90° angle to the Earth-Moon alignment. 


(a) 


Moon _ spring tide (b) 


neap tide (c) 
o— 


Moon 


(a, b) Spring tides: The highest tides occur 
when Earth, the Moon, and the Sun are 
aligned. (c) Neap tide: The lowest tides 

occur when the Sun lies at 90° to the Earth- 

Moon alignment. Note that this figure is not 
drawn to scale. 


Tides are not unique to Earth but occur in many astronomical systems. The 
most extreme tides occur where the gravitational force is the strongest and 
varies most rapidly, such as near black holes (see [link]). A few likely 
candidates for black holes have been observed in our galaxy. These have 
masses greater than the Sun but have diameters only a few kilometers 
across. The tidal forces near them are so great that they can actually tear 
matter from a companion star. 


A black hole is an object with 
such strong gravity that not 
even light can escape it. This 
black hole was created by the 
supernova of one star in a two- 
star system. The tidal forces 
created by the black hole are so 
great that it tears matter from 
the companion star. This matter 
is compressed and heated as it is 
sucked into the black hole, 
creating light and X-rays 
observable from Earth. 


”Weightlessness” and Microgravity 


In contrast to the tremendous gravitational force near black holes is the 
apparent gravitational field experienced by astronauts orbiting Earth. What 
is the effect of “weightlessness” upon an astronaut who is in orbit for 
months? Or what about the effect of weightlessness upon plant growth? 
Weightlessness doesn’t mean that an astronaut is not being acted upon by 
the gravitational force. There is no “zero gravity” in an astronaut’s orbit. 


The term just means that the astronaut is in free-fall, accelerating with the 
acceleration due to gravity. If an elevator cable breaks, the passengers 
inside will be in free fall and will experience weightlessness. You can 
experience short periods of weightlessness in some rides in amusement 
parks. 


Astronauts experiencing 
weightlessness on board the 
International Space Station. (credit: 
NASA) 


Microgravity refers to an environment in which the apparent net 
acceleration of a body is small compared with that produced by Earth at its 
surface. Many interesting biology and physics topics have been studied over 
the past three decades in the presence of microgravity. Of immediate 
concern is the effect on astronauts of extended times in outer space, such as 
at the International Space Station. Researchers have observed that muscles 
will atrophy (waste away) in this environment. There is also a 
corresponding loss of bone mass. Study continues on cardiovascular 
adaptation to space flight. On Earth, blood pressure is usually higher in the 
feet than in the head, because the higher column of blood exerts a 
downward force on it, due to gravity. When standing, 70% of your blood is 


below the level of the heart, while in a horizontal position, just the opposite 
occurs. What difference does the absence of this pressure differential have 
upon the heart? 


Some findings in human physiology in space can be clinically important to 
the management of diseases back on Earth. On a somewhat negative note, 
spaceflight is known to affect the human immune system, possibly making 
the crew members more vulnerable to infectious diseases. Experiments 
flown in space also have shown that some bacteria grow faster in 
microgravity than they do on Earth. However, on a positive note, studies 
indicate that microbial antibiotic production can increase by a factor of two 
in space-grown cultures. One hopes to be able to understand these 
mechanisms so that similar successes can be achieved on the ground. In 
another area of physics space research, inorganic crystals and protein 
crystals have been grown in outer space that have much higher quality than 
any grown on Earth, so crystallography studies on their structure can yield 
much better results. 


Plants have evolved with the stimulus of gravity and with gravity sensors. 
Roots grow downward and shoots grow upward. Plants might be able to 
provide a life support system for long duration space missions by 
regenerating the atmosphere, purifying water, and producing food. Some 
studies have indicated that plant growth and development are not affected 
by gravity, but there is still uncertainty about structural changes in plants 
grown in a microgravity environment. 


The Cavendish Experiment: Then and Now 


As previously noted, the universal gravitational constant G' is determined 
experimentally. This definition was first done accurately by Henry 
Cavendish (1731-1810), an English scientist, in 1798, more than 100 years 
after Newton published his universal law of gravitation. The measurement 
of G is very basic and important because it determines the strength of one 
of the four forces in nature. Cavendish’s experiment was very difficult 
because he measured the tiny gravitational attraction between two ordinary- 
sized masses (tens of kilograms at most), using apparatus like that in [link]. 


Remarkably, his value for G differs by less than 1% from the best modern 
value. 


One important consequence of knowing G' was that an accurate value for 
Earth’s mass could finally be obtained. This was done by measuring the 
acceleration due to gravity as accurately as possible and then calculating the 
mass of Earth M/ from the relationship Newton’s universal law of 
gravitation gives 

Equation: 


where m is the mass of the object, M is the mass of Earth, and r is the 
distance to the center of Earth (the distance between the centers of mass of 
the object and Earth). See [link]. The mass ™ of the object cancels, leaving 
an equation for g: 


Equation: 
M 
Rearranging to solve for M yields 
Equation: 
2 
M= =. 
G 


So M can be calculated because all quantities on the right, including the 
radius of Earth r, are known from direct measurements. We shall see in 
Satellites and Kepler's Laws: An Argument for Simplicity that knowing G 
also allows for the determination of astronomical masses. Interestingly, of 
all the fundamental constants in physics, G is by far the least well 


determined. 


The Cavendish experiment is also used to explore other aspects of gravity. 
One of the most interesting questions is whether the gravitational force 
depends on substance as well as mass—for example, whether one kilogram 
of lead exerts the same gravitational pull as one kilogram of water. A 
Hungarian scientist named Roland von E6tv6s pioneered this inquiry early 
in the 20th century. He found, with an accuracy of five parts per billion, that 
the gravitational force does not depend on the substance. Such experiments 
continue today, and have improved upon Eétvés’ measurements. 
Cavendish-type experiments such as those of Eric Adelberger and others at 
the University of Washington, have also put severe limits on the possibility 
of a fifth force and have verified a major prediction of general relativity— 
that gravitational energy contributes to rest mass. Ongoing measurements 
there use a torsion balance and a parallel plate (not spheres, as Cavendish 
used) to examine how Newton’s law of gravitation works over sub- 
millimeter distances. On this small-scale, do gravitational effects depart 
from the inverse square law? So far, no deviation has been observed. 


Light 
source 


Cavendish used an 


apparatus like this to 
measure the gravitational 
attraction between the 
two suspended spheres ( 
m.) and the two on the 
stand (/) by observing 
the amount of torsion 


(twisting) created in the 
fiber. Distance between 
the masses can be varied 
to check the dependence 
of the force on distance. 
Modern experiments of 
this type continue to 
explore gravity. 


Section Summary 


e Newton’s universal law of gravitation: Every particle in the universe 
attracts every other particle with a force along a line joining them. The 
force is directly proportional to the product of their masses and 
inversely proportional to the square of the distance between them. In 
equation form, this is 
Equation: 


mM 
1 Ge) 
r 


where F is the magnitude of the gravitational force. G is the 
gravitational constant, given by G = 6.673 x 104 N- m? / ke”. 
e Newton’s law of gravitation applies universally. 


Conceptual Questions 


Exercise: 


Problem: 


Two friends are having a conversation. Anna says a Satellite in orbit is 
in freefall because the satellite keeps falling toward Earth. Tom says a 
satellite in orbit is not in freefall because the acceleration due to 


gravity is not 9.80 m/ s”. Who do you agree with and why? 
Exercise: 


Problem: 

Draw a free body diagram for a satellite in an elliptical orbit showing 
why its speed increases as it approaches its parent body and decreases 
as it moves away. 


Problem Exercises 


Exercise: 


Problem: 


(a) Calculate Earth’s mass given the acceleration due to gravity at the 
North Pole is 9.830 m/ s” and the radius of the Earth is 6371 km from 
pole to pole. 


(b) Compare this with the accepted value of 5.979 x 104 kg. 
Solution: 
a) 5.979 x 1074 kg 


b) This is identical to the best value to three significant figures. 


Exercise: 


Problem: 


(a) The Sun orbits the Milky Way galaxy once each 2.60 x 108 y, with 
a roughly circular orbit averaging 3.00 x 10* light years in radius. (A 
light year is the distance traveled by light in 1 y.) Calculate the 
centripetal acceleration of the Sun in its galactic orbit. Does your result 
support the contention that a nearly inertial frame of reference can be 
located at the Sun? 


(b) Calculate the average speed of the Sun in its galactic orbit. Does 
the answer surprise you? 


Solution: 
a) 1.66 x 10°? m/s? 


b) 2.17 x 10° m/s 


Glossary 


gravitational constant, G 
a proportionality factor used in the equation for Newton’s universal 
law of gravitation; it is a universal constant—that is, it is thought to be 
the same everywhere in the universe 


center of mass 
the point where the entire mass of an object can be thought to be 
concentrated 


microgravity 
an environment in which the apparent net acceleration of a body is 
small compared with that produced by Earth at its surface 


Newton’s universal law of gravitation 
every particle in the universe attracts every other particle with a force 
along a line joining them; the force is directly proportional to the 


product of their masses and inversely proportional to the square of the 
distance between them 


4.6 Kepler’s Laws 


e State Kepler’s laws of planetary motion. 
¢ Derive the third Kepler’s law for circular orbits. 
e Discuss the Ptolemaic model of the universe. 


Examples of gravitational orbits abound. Hundreds of artificial satellites 
orbit Earth together with thousands of pieces of debris. The Moon’s orbit 
about Earth has intrigued humans from time immemorial. The orbits of 
planets, asteroids, meteors, and comets about the Sun are no less interesting. 
If we look further, we see almost unimaginable numbers of stars, galaxies, 
and other celestial objects orbiting one another and interacting through 
gravity. 


All these motions are governed by gravitational force, and it is possible to 
describe them to various degrees of precision. Precise descriptions of 
complex systems must be made with large computers. However, we can 
describe an important class of orbits without the use of computers, and we 
shall find it instructive to study them. These orbits have the following 
characteristics: 


1. A small mass m orbits a much larger mass M. This allows us to view 
the motion as if VZ were stationary—in fact, as if from an inertial 
frame of reference placed on MZ —without significant error. Mass m is 
the satellite of /, if the orbit is gravitationally bound. 

2. The system is isolated from other masses. This allows us to neglect any 
small effects due to outside masses. 


The conditions are satisfied, to good approximation, by Earth’s satellites 
(including the Moon), by objects orbiting the Sun, and by the satellites of 
other planets. Historically, planets were studied first, and there is a classical 
set of three laws, called Kepler’s laws of planetary motion, that describe the 
orbits of all bodies satisfying the two previous conditions (not just planets 
in our solar system). These descriptive laws are named for the German 
astronomer Johannes Kepler (1571-1630), who devised them after careful 
study (over some 20 years) of a large amount of meticulously recorded 
observations of planetary motion done by Tycho Brahe (1546-1601). Such 
careful collection and detailed recording of methods and data are hallmarks 


of good science. Data constitute the evidence from which new 
interpretations and meanings can be constructed. 


Kepler’s Laws of Planetary Motion 
Kepler’s First Law 


The orbit of each planet about the Sun is an ellipse with the Sun at one 
focus. 


Planet _ ™ 


(b) 


(a) An ellipse is a closed curve 
such that the sum of the 
distances from a point on the 
curve to the two foci (f; and fo 
) is a constant. You can draw an 
ellipse as shown by putting a 


pin at each focus, and then 
placing a string around a pencil 
and the pins and tracing a line 
on paper. A circle is a special 
case of an ellipse in which the 
two foci coincide (thus any 
point on the circle is the same 
distance from the center). (b) 
For any closed gravitational 
orbit, m follows an elliptical 
path with M at one focus. 
Kepler’s first law states this fact 
for planets orbiting the Sun. 


Kepler’s Second Law 


Each planet moves so that an imaginary line drawn from the Sun to the 
planet sweeps out equal areas in equal times (see [link]). 


Kepler’s Third Law 


The ratio of the squares of the periods of any two planets about the Sun is 
equal to the ratio of the cubes of their average distances from the Sun. In 
equation form, this is 

Equation: 


where 7’ is the period (time for one orbit) and r is the average radius. This 
equation is valid only for comparing two small masses orbiting the same 
large one. Most importantly, this is a descriptive equation only, giving no 
information as to the cause of the equality. 


Planet 
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The shaded regions have equal 
areas. It takes equal times for m 
to go from A to B, from C to D, 

and from E to F. The mass m 
moves fastest when it is closest 
to M. Kepler’s second law was 

originally devised for planets 
orbiting the Sun, but it has 
broader validity. 


Note again that while, for historical reasons, Kepler’s laws are stated for 


planets orbiting the Sun, they are actually valid for all bodies satisfying the 
two previously stated conditions. 


Example: 

Find the Time for One Orbit of an Earth Satellite 

Given that the Moon orbits Earth each 27.3 d and that it is an average 
distance of 3.84 x 10° m from the center of Earth, calculate the period of 


an artificial satellite orbiting at an average altitude of 1500 km above 
Earth’s surface. 


Strategy 
The period, or time for one orbit, is related to the radius of the orbit by 


ee eee 3 
Kepler’s third law, given in mathematical form in => = —. Let us use the 
2 2 


subscript 1 for the Moon and the subscript 2 for the satellite. We are asked 
to find 7. The given information tells us that the orbital radius of the 
Moon is 7; = 3.84 x 10° m, and that the period of the Moon is 

T, = 27.3 d. The height of the artificial satellite above Earth’s surface is 
given, and so we must add the radius of Earth (6380 km) to get 

ro = (1500 + 6380) km = 7880 km. Now all quantities are known, and 
so 7> can be found. 


Solution 

Kepler’s third law is 

Equation: 
(oe a 
7 es 
T; ES 


To solve for T2, we cross-multiply and take the square root, yielding 
Equation: 


Equation: 


Substituting known values yields 
Equation: 


3/2 
Z 24.0 h 7880 km 
1 = ye oh «(S| 
1.93 h. 


Discussion This is a reasonable period for a satellite in a fairly low orbit. It 
is interesting that any satellite at this altitude will orbit in the same amount 
of time. This fact is related to the condition that the satellite’s mass is small 
compared with that of Earth. 


People immediately search for deeper meaning when broadly applicable 
laws, like Kepler’s, are discovered. It was Newton who took the next giant 
step when he proposed the law of universal gravitation. While Kepler was 
able to discover what was happening, Newton discovered that gravitational 
force was the cause. 


Derivation of Kepler’s Third Law for Circular Orbits 


We shall derive Kepler’s third law, starting with Newton’s laws of motion 
and his universal law of gravitation. The point is to demonstrate that the 
force of gravity is the cause for Kepler’s laws (although we will only derive 
the third one). 


Let us consider a circular orbit of a small mass m around a large mass M/, 
satisfying the two conditions stated at the beginning of this section. Gravity 
supplies the centripetal force to mass m. Starting with Newton’s second law 
applied to circular motion, 

Equation: 


y? 


Fret = Ma, = mMm—. 
r 


The net external force on mass ™ is gravity, and so we substitute the force 
of gravity for Pret: 
Equation: 


The mass m cancels, yielding 
Equation: 


M 
G =". 


r 


The fact that m cancels out is another aspect of the oft-noted fact that at a 
given location all masses fall with the same acceleration. Here we see that 
at a given orbital radius r, all masses orbit at the same speed. (This was 
implied by the result of the preceding worked example.) Now, to get at 
Kepler’s third law, we must get the period 7’ into the equation. By 
definition, period T is the time for one complete orbit. Now the average 
speed v is the circumference divided by the period—that is, 

Equation: 


Substituting this into the previous equation gives 


Equation: 
M = 4n’r? 
GM _ Ar 
r T? 
Solving for T? yields 
Equation: 
An” 
TP? = 3 
GM 


Using subscripts 1 and 2 to denote two different satellites, and taking the 
ratio of the last equation for satellite 1 to satellite 2 yields 
Equation: 


This is Kepler’s third law. Note that Kepler’s third law is valid only for 
comparing satellites of the same parent body, because only then does the 
mass of the parent body M cancel. 


2 
— r? for the ratio r?/T'. We 


obtain a relationship that can be used to determine the mass M of a parent 
body from the orbits of its satellites: 
Equation: 


Now consider what we get if we solve T'? = 


If r and T are known for a satellite, then the mass // of the parent can be 
calculated. This principle has been used extensively to find the masses of 
heavenly bodies that have satellites. Furthermore, the ratio r? / T? should be 
a constant for all satellites of the same parent body (because 

r3/T? = GM/4n’). (See [link]). 


It is clear from [link] that the ratio of r? j T? is constant, at least to the third 
digit, for all listed satellites of the Sun, and for those of Jupiter. Small 
variations in that ratio have two causes—uncertainties in the r and 7’ data, 
and perturbations of the orbits due to other bodies. Interestingly, those 
perturbations can be—and have been—used to predict the location of new 
planets and moons. This is another verification of Newton’s universal law 
of gravitation. 


Section Summary 


¢ Kepler’s laws are stated for a small mass m orbiting a larger mass M 
in near-isolation. Kepler’s laws of planetary motion are then as 
follows: 


Kepler’s first law 


The orbit of each planet about the Sun is an ellipse with the Sun at one 
focus. 


Kepler’s second law 


Each planet moves so that an imaginary line drawn from the Sun to the 
planet sweeps out equal areas in equal times. 


Kepler’s third law 


The ratio of the squares of the periods of any two planets about the 
Sun is equal to the ratio of the cubes of their average distances from 
the Sun: 

Equation: 


where 7’ is the period (time for one orbit) and r is the average radius of 
the orbit. 
The period and radius of a satellite’s orbit about a larger body M are 


related by 
Equation: 
2 
2 __ Am 3 
GM 
or 
Equation: 
r° G 


Problem Exercises 


Exercise: 


Problem: 


A geosynchronous Earth satellite is one that has an orbital period of 
precisely 1 day. Such orbits are useful for communication and weather 
observation because the satellite remains above the same point on 
Earth (provided it orbits in the equatorial plane in the same direction as 
Earth’s rotation). 


Exercise: 


Problem: Unreasonable Results 


(a) Based on Kepler’s laws and information on the orbital 
characteristics of the Moon, calculate the orbital radius for an Earth 
satellite having a period of 1.00 h. (b) What is unreasonable about this 
result? (c) What is unreasonable or inconsistent about the premise of a 
1.00 h orbit? 


Solution: 
a) 5.08 x 10° km 


b) This radius is unreasonable because it is less than the radius of 
earth. 


c) The premise of a one-hour orbit is inconsistent with the known 
radius of the earth. 


